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Abstract For an arbitrary positive integer n , we construct infinitely many 
one-cusped hyperbolic 3-manifolds where each manifold's A-polynomial 
detects every n th root of unity. This answers a question of Cooper, Culler, 
Gillet, Long, and Shalen as to which roots of unity arise in this manner. 
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1 Introduction 

Let N be a compact orientable 3-manifold whose boundary is a disjoint union 
of incompressible tori. The seminal paper [I] shows that ideal points of the 
SL2(C) character variety give rise to non-trivial splittings of tti(N) and hence 
to essential surfaces in N . If such a surface has non-empty boundary, we say 
that the ideal point detects a boundary slope. (See Subsection 12.21 for a more 
detailed discussion.) 

It is shown in [2], that canonically associated to a boundary slope detected by 
an ideal point is a root of unity. For if a represents the detected boundary 
slope, then the limiting value of the characters evaluated at a is of the form 
£ + where £ is a root of unity. We say that £ appears at this ideal point. 
It is a natural question to ask which roots of unity arise in this manner. 

Roots of unity that appear at ideal points carry topological information about 
associated surfaces. Let x be an ideal point which detects a boundary slope, £ 
be the associated root of unity, and £ be a surface associated to x. Assume 
that the number of boundary components of X is minimal over all such surfaces. 
By Corollary 5.7 of [2J, if S is a component of E then the order of £; divides 
the number of boundary components of S . 

At present, little seems known about which roots of unity can occur. If N is the 
complement of a 2-bridge knot, then the essential surfaces in N are classified 
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in jSj. In particular, any connected essential surface in N has either one or two 
boundary components. Therefore, the only roots of unity that appear in the 
character variety for N are ±1. In fact, in most known examples, the roots of 
unity that appear are ±1. It is now known, however, that higher order roots do 
appear. In [3], Cooper and Long mention an example with 11 th roots, Dunfield 
gives examples with 4 th and 6 th roots in [3] , and Kuppum and Zhang give other 
examples with 4 th roots in [7j. 

We prove the following theorem. 

Theorem 1.1 Let n be a positive integer. Then there exist infinitely many 
one-cusped finite volume hyperbolic 3-manifolds {Mj}^ 1 where if £ is any n th 
root of unity then £ appears as a root of unity for every Mi . 

The idea of the proof is this. For each n £ Z + , we construct a 3-manifold iV n 
for which n th roots of unity appear. The manifolds N n have non-trivial JSJ 
decompositions; hence they are not hyperbolic. We may, however, use standard 
techniques to construct hyperbolic 3-manifolds admitting degree-one maps onto 
N n . The root of unity property is inherited by the hyperbolic manifolds through 
the induced epimorphism on fundamental groups. 

2 Background and notation 

For more detailed discussions of topics in this section, see [2j and @]. 
2.1 Notation 

Throughout this paper all 3-manifolds are assumed to be connected and ori- 
entable. We assume further that all boundary components of 3-manifolds are 
homeomorphic to tori. All surfaces are assumed to be properly embedded and 
orient able. 

A slope on a 3-manifold N is the isotopy class of an unoriented essential simple 
closed curve on dN . Every slope corresponds to a pair {a,^ 1 } of primitive 
elements in Tr\(dN). A boundary slope is a slope that is represented by a 
boundary component of an essential surface in N . 

Let L be a disjoint union of smooth, simple, closed curves in S 3 . We define the 
exterior of L as the compact 3-manifold E(L) = S 3 — n(L) where rj(L) is an 
open tubular neighborhood of L in S 3 . 
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2.2 Character varieties and detected surfaces 

Let r be a finitely generated group. We write X(T) to denote the set of 
characters of SL2(C) representations. X(T) is naturally a closed algebraic set 
in C m . If X is an irreducible algebraic curve in X(T) then there is a smooth 
projective curve X and a birational map /: X — > X . The points X — f~ 1 (X) 
are called ideal points. Associated to each ideal point is a valuation which in 
turn gives rise to a non-trivial simplicial action on a tree. If T is the fundamental 
group of a 3-manifold N , we write X(N) = X^-ki(N)^ . In this case, the action 
associated to a ideal point may be used to construct essential surfaces in N . 
We say that such a surface is associated to the action given by the ideal point. 

For any 7 6 iri(dN) , there is a regular function J 7 : X — > C given by I 7 (x) = 
x(l) ■ These functions induce meromorphic functions on X. If x is an ideal 
point, we consider the value I 7 (x) G C U {00}. If there exists a 7 £ iri(dN) 
so that I y has a pole at x then there is a unique boundary slope s = {a, a -1 } 
with the property that I a ±i (x) is finite. Any essential surface £ coming from 
this ideal point will have non-empty boundary and any boundary component 
of S represents the boundary slope s . 

It is shown in [2] and [3] that the bounded value I a ±i (x) is of the form £ + , 
where £ is a root of unity. 



2.3 The A— polynomial 

In this section we define the A-polynomial An(L, M) and sketch its connection 
to the root of unity phenomena described above. The primary reference is 

Throughout this section, we fix a generating set {A,/i} for iri(dN). If p is a 
SL2(C) -representation of TTi(dN) with Tr(p(/i)) ^ ±2 then p is conjugate to a 
diagonal representation. We are concerned with characters of representations, 
so we assume that p is diagonal. Let 

It is not difficult to see that X(dN) is the quotient of C x x C x by the involution 
(L, M) ^ (L -1 , jVf~ x ). 

The inclusion i: <9iV iV induces a regular map : X(N) — > X{dN) be- 
tween the character varieties. Let {Aj}^ =1 be the set of irreducible components 




Algebraic & Qeometric Topology, Volume 5 (2005) 



210 



Eric Chesebro 



of X(N) with the property that dimc(i*(X/)) = 1 and every Xj contains the 
character of an irreducible representation. Define 

k 

D N = (ji*(Xj) 

i=i 

and Dn as the inverse image of Dn under the quotient map C x x C x — ► 
X{dN). If A N (L,M) G Q[L,M] is a defining polynomial for U^, it can be 
normalized to have relatively prime Z-coefncients. This is the A-polynomial 
for N . 

The Newton polygon for A^(L, M) = ^aijUM 3 is the convex hull of the set 
G M 2 | a,ij 7^ 0}. If e is an edge of the Newton polygon for Ajy(L,M) 
and p/q is its slope, we can change our choice of generating set for m(dN) to 
{n p \ q , /i a A b }, where a and b are chosen so that det( q I) = 1. We now compute 
the A~polynomial which corresponds to the new generating set by setting 

M = Z b Y' g and L = Z- a Y p 

in An(L,M) and then normalizing as before. The result is of the form 

A N (Y,Z) = f(Z) + E(Y,Z). 

where / is not identically zero, has at least one non-zero root £, and E(0, Z) = 
for every Z G C. The edge polynomial for e is defined as 

f e (t) = t~ m ■ f(t), 

where m G Z + is chosen so that f e G Z[£] and / e (0) 7^ 0. 

Notice that the solution (0,£) to An(Y,Z) = does not correspond to the 
image of a character xp ■ It does, however, correspond to the limit of a sequence 
of characters of irreducible representations {xi}°^i- Furthermore, I^ayb has a 
pole at this ideal point and the values {i^PAa(Xi)} converge to £ + f -1 . As 
outlined in Section l2?2l p/q is a boundary slope with respect to the basis {A, fi} 
and £ is a root of unity. 

3 Construction of the manifolds N n 

Let K be the figure-eight knot, N\ = E(K), and Ti = 7Ti(Aq). We have the 
following presentation, 

ri = (tA,y\fjW = Wy), 
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where W = y 1 ny[i . A meridian for N% is [i and the longitude, A, is given 
by WW* where W* = \i~ x yiiy~ x . 

The A-polynomial for Nx, with respect to the basis {A,//} for iri(dNi) is 

A Nl (L,M) = —L + LM 2 + M 4 + 2LM 4 + L 2 M 4 + LM 6 — LM 8 (1) 

(see [2]). The Newton polygon for the above polynomial has an edge e with 
slope 4/1. As it will be needed in what follows, we note that the root of unity 
associated to this slope is +1. To see this, set 

M = ZY- 1 and L = Z~ 3 Y 4 

in (^Q). Multiply by Z 3 Y 4 and normalize signs to get 

A Nl (Y,Z) = (Z 7 - Z 8 ) + Y 2 (-Y 6 + Y 4 Z 2 + 2Y 2 Z A + Y 6 Z + Z 6 ). 

Therefore, the edge polynomial is 

f e (t) = t- 7 (t 7 -t 8 ) = 1-t, 

as required. 




Figure 1: The link L n 

Now, fix an n £ Z + and let = E(L n ), where L n is the (2,2n)-torus link 
shown in Figure □ Let T£ = tti(N£). Then, 

T% = (a,m\a(am) n = (am) n a). 

Let £ E be the peripheral element which is homologous to m n and let I G T2 
be the peripheral element homologous to a n . See Figure |^1 for the case when 
n = 4. 
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We form the 3-manifold N n as the union of Ni and by identifying the 
boundary of N\ with one component of the boundary of N2 by insisting that I 
is identified with // 4 A and m is identified with / u 3 A. Then T n = ni(N n ) is a free 
product with amalgamation Ti*h^2 where H = (A,//) = (l,m). Furthermore, 
{C,a} is a generating set for 7Ti(<9iV n ). 

Remark We chose the figure-eight knot and the links L n for simplicity, but 
there are many other choices that will also work. For example, in defining N\ , 
we can choose any knot K which has a detected boundary slope s with asso- 
ciated root of unity +1. In this case, we form the manifolds N n by identifying 
the curve / to the boundary slope s . Similarly, in choosing the manifolds N% , 
we have considerable freedom. We need only require that the curve which is 
identified to the detected boundary slope s on N\ is homologous to to the n th 
power of a primitive non-peripheral element of iri(dN n ). 



4 iV n has n th roots 

Theorem 4.1 Fix n E Z + and let £ be any n th root of unity. Then there 
exists a sequence of irreducible representations 

{ Pi -. r n — smc)}*, 

such that 

pi(£) = g-ij and pi( a ) = A - 

Where, as i — > 00, Bi — » and A-i — > £. In particular, £ appears at an ideal 
point for N n . 
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Proof To prove the theorem, we exhibit a sequence of representations which 
are irreducible when restricted to Y\, abelian when restricted to , and that 
satisfy the conclusions of the theorem. 

Recall the A-polynomial An x {L,M) given in (^Q) of Section l2.«-!l Then for all 
but finitely many solutions (L, M) to the equation (L, M) = 0, we have an 
irreducible representation ipi: Fx — ► SL2(C) with 

A ^(o 1/l) and 1/M 

The abelianization of is isomorphic to Z x Z, so we get an abelian represen- 
tation for by chosing any two diagonal elements of SL2(C). More precisely, 
if p, A E C x then there exists an abelian representation ip2'- — * SL2(C) 
given by 

Since ip2 is abelian and C and I are homologous to m n and a n respectively, 
we have 

MO = ( P q JL) ^ Ml) = A - n 
The mapping p given by 

p(p) = ipi{p) p(y) = Vi(y) 

p(a) = Ma) P(m) = M m ) 

extends to an irreducible representation p: T n — ► SL2(C) if and only if 

V>i(/i 4 A) = ^(O and ipi(p 3 X) = ^(m). 

Note that p = lm~ 1 and A = Z~ 3 m 4 in T. Therefore, p is a representation if 
and only if 

A n n A 
M = — and L 



p A 3n ' 

If we replace the indeterminants L and M in the equation An^L, M) = with 
the above expressions, then after simplifying and multiplying by A^p 4 we get 

-p 8 + p 6 A 2n + A 7n + 2p A A An + p 8 A n + p 2 A 6n - A 8n = 0. (2) 

By construction, all but finitely many solutions to © correspond to representa- 
tions of T n . They are irreducible because their restrictions to T± are irreducible, 
and so we have an irreducible representation p: T — > SL2(C) with 

A \ (p n 

i/a) and c ^{o p- 
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for all but finitely many solutions to 1(2]). 

Let £ be any n th root of unity. Note that setting p = and A = £ we get a 
solution to PJ>. This solution does not correspond to a representation of T, but 
we can take a sequence of distinct solutions {(pi, ^4j)}°^ 1 which do correspond 
to irreducible representations and converge to (0,£). Let Bi=p™. 

This gives us a sequence {pi} ( j*i 1 of representations that satisfy the conclusions 

of the theorem. Note that Tr(/9j(a)) tends toward £ + £ _1 and Tr(pj(£)) 

tends to oo. Therefore, the boundary slope {a, a -1 } is detected and £ appears 
at the associated ideal point. □ 

The root of unity behavior demonstrated above is reflected in the A-polynomial 
for N n . 

Corollary 4.2 If A]y n (X, Y) is the A-polynomial for N n , with respect to the 
generating set {C,a} for ni(8N n ), then the Newton polygon for A^ n has a 
vertical edge e such that 1 — t n divides the associated edge polynomial f e (t) . 

Proof Given any n th root of unity, let be a sequence of representations 

as given by Theorem 14.11 Recall that Tr(/9j(£)) tends to oo. Therefore, the 

set {i*(Pi)}°Z 1 C Djy n contains an infinite number of distinct points. Then by 
passing to a subsequence we may assume {i* is a set of distinct points 
on a single curve component C of D^ n . Recall that the choice of generating set 
{£, a} induces a quotient C x x C x — ► X(dN n ) . Let C C C C x x C x be 
the inverse image of C under this quotient map. Let P(X, Y) be the irreducible 
polynomial that defines the curve C. 

By construction, P(0, £) = 0, however P(0, Y) is not identically zero since 
P(X, Y) is irreducible. Therefore, P(0, Y) is a non-trivial, single variable poly- 
nomial. Also, by definition of the A-polynomial, P(X,Y) divides A^ n (X,Y) . 
So P(0, Y) divides A^ n (0,Y) . This implies that the Newton polygon for Ajy n 
has a vertical edge e and / e (£) = 0. Since this is true for any n th root of unity, 
we conclude that 1 — t n divides f e . □ 



5 Hyperbolic examples 

Here we extend the result to hyperbolic examples and complete the proof of 
Theorem 11.11 

Before we prove the theorem, we must state two lemmas. First, as a special 
case of the main theorem in jH], we have 
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Lemma 5.1 For each n £ Z + , N n contains infinitely many null-homotopic 
hyperbolic knots. 



Our second lemma is standard, for example, see Proposition 3.2 in pQ. The 
argument given there is for closed manifolds, but it follows verbatim in our 
setting. 



Lemma 5.2 Let k be a null homotopic knot in N n and M be a 3-manifold 
obtained by a Dehn surgery on k . Then there is a degree-one map f : M — > 



Proof of Theorem 11.11 Let He a knot in N n given by Lemma 15.11 By 
Thurston's hyperbolic Dehn surgery theorem [S], for all but finitely many slopes 
s, the manifold obtained by doing Dehn surgery on k with surgery slope s 
is hyperbolic. This gives us an infinite set of distinct hyperbolic manifolds 
{Mi}? =v 



n ■ 



By Lemma 15.21 for every i € Z + , we have a degree-one map fi : Mi — ► N, 
Since fi is degree-one, the induced map /* : iri(Mi) — ► T n is an epimorphism. 
Furthermore, the restriction to the peripheral subgroup of Mi is an epimor- 
phism onto the peripheral subgroup of N n . 

Let a be a primitive element of ir\(dMi) so that f*(ot) = a. Similarly, take 
(3 to be a primitive element of K\(dMi) so that /*(/?) = C. Pick £ to be 
any n th root of unity. Then Theorem 14.11 gives us a sequence of irreducible 
representations {pj: T n — > SL2(C)}°^ =1 such that 

Pi(£) = g-ij and pi{a) = ^ 

where Bi — > and Ai — > £ . Composing the representations with /* , we get the 
sequence {pj o f*} ( jL 1 of irreducible representations for iri(Mi). Furthermore, 

limTr^ o /*(«)) = lim^ +AT 1 ) = £ + C 1 

j— >oo J^oo J 

and 



lim 



1 J 



Therefore, a represents a detected boundary slope and the root of unity that 
appears at the associated ideal point is £. □ 
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6 Computations for n = 5 

We compute the factor of the A-polynomial for N$ which corresponds to the 
representations that are irreducible on N\ and abelian on N<i . As in the proof of 
Theorem l4.11 we want to replace the variables L and M in (^Q) with the variables 
A and B which represent the eigenvalues of p(a) and p(C) respectively. Here 
we take resultants instead of directly substituting expressions in terms of p 
and A. If we substitute directly, we will get an expression with non- integral 
exponents. The following calculations are done with a computer. 

Starting with A(L, M) we take a resultant with respect to M — A 5 p~ 4 to 
eliminate the indeterminant M. Next we take a resultant with respect to 
L — p 4 A~ 15 to eliminate L, and finally with respect to B — p 5 to eliminate p. 
We conclude that the polynomial equation, 

= -A 175 + 5A 180 -1(L4 185 + 1(L4 190 - 5A 195 + A 200 + 5A 135 B 2 -35A 140 B 2 + 
+ 60A 145 B 2 - 26A 150 B 2 - 5A 155 B 2 - 5A 90 B 4 - 45A 95 B 4 + 
+ 98 A W0 B 4 - 45A W5 B 4 - 5A 1W B 4 - 5A 45 B 6 - 26A 50 B 6 + 
+ eO^ 55 ^ 6 - SS^ 60 ^ 6 + 5A 65 B 6 + B 8 - 5A 5 B 8 + lOA 10 ^ 8 - 

-ioa^ + s^ 20 ^ 8 -^ 25 ^ 8 . 

holds true for all such representations. Therefore the right hand side is a factor 
of the A-polynomial for A5 with respect to the generating set {C,a}. Evalu- 
ating at B = we get, 

= -A 175 + 5A im -10A 185 + WA 190 -5A 195 + A 200 
= A 175 (,4 5 -l) 5 . 

Hence we conclude that there is a vertical edge e in the Newton polygon for the 
A-polynomial of N5. Furthermore, if / e (t) is the associated edge polynomial 
then {t 5 - l) 5 divides f e (t). 

7 Final remarks 

It should be noted that although the manifolds constructed in Section El are 
hyperbolic, the ideal points at which n th roots of unity appear are not on com- 
ponents of the character varieties that correspond to the complete hyperbolic 
structure of the manifold. This is because the components considered here arise 
from epimorphisms with non-trivial kernels and so the characters on these com- 
ponents are not characters of discrete faithful representations. The question of 
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whether all roots of unity appear at ideal points on hyperbolic components 
remains unanswered. 
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